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HASSE PRINCIPLES FOR THE BRAUER GROUPS OF ALGEBRAIC FUNCTION FIELDS OF GENUS ZERO OVER GLOBAL FIELDS

Ilseop Han
Let F be a global field with char(F ) = 2 and K an algebraic function field in one variable of genus zero over F . In this paper, we investigate two kinds of Hasse principles for Brauer classes on K. If Br(K) is the Brauer group of K and Br(K) is the subgroup of Br(K) whose elements have order relatively prime to char(F ), then we precisely determine the kernels of the maps h 1 : Br(K) → p Br( F p K) and h 2 : Br(K) → P Br( K P ), where p runs over the prime spots of F and P runs over the places of K which are trivial over F , and F p , K P are the completions at p, P respectively. To facilitate the determination of these kernels, we compute the kernel of the map h : Br(K) → P Br(KV P ) where V P is the residue field with respect to P and show that the kernels of these three maps coincide. We then consider a more general version of the maps above by describing the 2-torsion subgroup of the kernel of h 1 when a finite number of prime spots in the product are omitted.
Introduction.
Let F be a global field with char(F ) = 2. By a prime spot on F , we mean an equivalence class of discrete valuations on F or an equivalence class of archimedean absolute values on F . Define P (F ) = {p | p is a prime spot of F }.
For p ∈ P (F ) let F p denote the corresponding completion of F . These fields F p are the local objects, with relatively easy arithmetic properties. Local global principles allow us to understand properties of F in terms of those over all the F p .
Let K be an algebraic function field in one variable over a field F . By a place of K/F , we mean a normalized discrete valuation on K which is trivial on F * = F − {0}. Define P(K/F ) = {P | P is a place of K/F }.
We denote by K P the completion of K with respect to P ∈ P(K/F ). Another type of local global principle is to get information about K via the family of K P for P ∈ P(K/F ). We will be particularly interested in the case where K has genus 0. Then K has the form K = F (x, √ ax 2 + b) where a, b ∈ F * and x is transcendental over F . Since this K is determined up to isomorphism by the quaternion algebra Q = (a, b/F ), we will write F (Q) for K.
If Br(k) denotes the Brauer group of a field k, then the classical Hasse principle for the Brauer group of a global field F states that the map
is injective. This is a local global principle, since it says that a central simple algebra A over F is determined by its extensions A⊗ F F p over F p as p ranges over P (F ).
One could ask whether there is a corresponding Hasse principle using the K ⊗ F F p , p ∈ P (F ), for the Brauer group of an algebraic function field K over a global field F . However, such a Hasse principle no longer holds. The first counterexample was given by Witt (see [Wi, p. 466] ) in 1934, taken from an algebraic function field K of genus 0 over Q. He showed that if Q and Q are quaternion algebras over Q, which are nonsplit just at p 1 , p 2 , p 3 , p 4 ∈ P (Q) and p 1 , p 2 respectively, then Q ⊗ Q Q p (Q) is split for every p ∈ P (Q) although Q ⊗ Q Q(Q) is nonsplit. Further, he pointed out that Q ⊗ Q Q P is split for every P ∈ P(Q(Q)/Q).
Let C be an irreducible nonsingular projective curve over a global field F . Considering the function field K = F (C) of the curve C over F , one can ask about two kinds of possible Hasse principles for the Brauer group of K. One corresponds to the map h 1 and the other corresponds to the map h 2 below:
Here, Br(K) denotes the subgroup of Br(K) consisting of those [B] with the exponent of B relatively prime to char(F ). So, if char(F ) = 0, then Br(K) = Br(K).
In this paper, we consider the case of K having genus 0, putting K = F (Q), and give explicit description of the kernels of the maps h 1 and h 2 above, which in fact coincide as shown in Theorem 4.4 and Theorem 4.5.
Nontrivial kernels of these maps could be called the obstruction to a Hasse principle.
In order to facilitate the determination of these kernels, we compute, in Theorem 3.7, the kernel of the map h : Br(K) −→ P ∈ P(K/F )
Br(KV P )
where V P is the residue field with respect to P ∈ P(K/F ). The kernel of h turns out to coincide with those of h 1 and h 2 , and it has a direct description in terms of the quaternion algebra Q.
Finally, we give a relative version of the facts shown above. In Theorem 5.8, we completely describe the 2-torsion subgroup of the kernel of h 1 when a finite number of prime spots are omitted from P (F ). In the case that the prime spots deleted from P (F ) contain those p ∈ P (F ) such that Q ⊗ F F p is nonsplit, this part of ker(h 1 ) can be expressed in terms of quaternion algebras over K together with the images in Br(K) of cyclic algebras of exponent 4 over F . Otherwise, we can describe the kernel as the intersection of the relative Brauer groups of some quadratic residue fields over K so that it can be all expressed in terms of quaternion algebras over K.
Parimala and Sujatha considered in [PS] the kernels of similar maps for the function field of a curve with a rational point. These results do not apply for nonrational function fields of genus 0 since these are function fields of anisotropic conics, which have no rational points. On the other hand, they pointed out that the kernel of h 1 is nontrivial for the function field of genus 0 associated with a quaternion algebra which is locally split at 4 prime spots or more.
Kato considered in [Ka, Theorem 0.8(2)] a Hasse principle for H 3 cohomology groups analogous to h 1 for H 2 cohomology groups; he showed that the corresponding map from H 3 (K, Z/2Z) is injective. However, we will see that the map h 1 is not injective in general, even when restricted to the 2-torsion of Br(K), 2 Br(K) = H 2 (K, Z/2Z).
This work was motivated by and arose in connection with the author's work on tractability of algebraic function fields in one variable of genus 0 over global fields (see Remark 5.10). Especially, Chapter 3 is based on a part of the author's Ph.D. thesis work. We would like to thank Prof. A. Wadsworth at UCSD for providing invaluable guidance and the referee for making helpful comments, which improved the final version of this paper.
Preliminaries.
In this section, we will briefly review basic facts on the algebraic function fields in one variable of genus 0, which are associated with quaternion algebras.
Let F be a field with char(F ) = 2. (Throughout, all fields are assumed to have characteristic not equal to 2.) Let K be an algebraic function field in one variable of genus 0 over F . It is known (cf. [Ar, Theorem 6, p. 302] ) that such a K has a genus 0 if and only if K is of the form F (x, √ ax 2 + b ), where a, b ∈ F * = F − {0} and x is transcendental over F . Let (a, b/F ) denote the 4-dimensional quaternion algebra over F with F -base 1, i, j, k, such that i 2 = a, j 2 = b,
to the function field of a conic determined by norm form on the pure part of Q. Thus K will be also denoted by F (Q). Recall (cf. [Wi, Satz, p. 464 and Satz, p. 465] ) that for two quaternion algebras Q and Q , Q ∼ = Q as algebras if and only if F (Q) ∼ = F (Q ) as fields.
For each place P ∈ P(K/F ), let V P be the associated discrete valuation ring. Recall (e.g., [DI, Lemma 2.2, p. 136] ) that the restriction map Br(V P ) → Br(K) induced by the inclusion V P → K is injective. If V P denotes the residue field of V P , then V P is a finite degree extension of F . The degree of P is defined by deg(P ) = [V P : F ]. Now, let F sep be the separable closure of F . We will denote by G P = Gal (F sep /V P ) the absolute Galois group of V P and by X(G P ) = Hom c (G P , Q/Z) the (continuous) character group of G P . The following result, due to Scharlau, will be essential to our study of algebraic function fields of genus 0.
Proposition 2.1 (Scharlau) . Let F be any field. For a quaternion algebra
Then the following sequence is exact:
For details of Proposition 2.1, see [Sc, p. 5 ].
The following well-known lemma will be useful to determine when an algebraic function field of genus 0 is a rational function field. Lemma 2.2. Let F be any field. For a quaternion algebra Q over F , let K = F (Q). Then the following conditions are equivalent:
A proof can be found, e.g., in [Wa, p. 747] or in [Ha, Lemma 3.2] .
Note that if the quaternion algebra Q is split over F , then Proposition 2.1 reduces to the Auslander-Brumer-Faddeev Theorem (cf. [AB] , [Fa] or [FS] ) in view of Lemma 2.2. This lemma provides a corollary (see [Ha, Corollary 3 .3] for proof):
Let F be a global field, that is, F is either an algebraic number field (i.e., a finite extension of Q) or an algebraic function field in one variable over a finite field. If Q is a quaternion algebra over F , we define the support of Q as follows:
Recall that if p ∈ P (F ) is an archimedean prime spot, then the field F p is isomorphic to R or C. If p is non-archimedean, then F p is a local field, i.e., a field with complete discrete valuation and with finite residue field.
Lemma 2.4 below can be easily shown (or see [Ha, Remark 4.4 
]).
Lemma 2.4. Let Q and Q be quaternion algebras over a global field F , and let E be a finite degree field extension of
The next two theorems are well-known and are of fundamental importance.
Hasse Principle (special case) 2.5. For a global field F , let Q and Q be quaternion algebras over
In particular, Q is split if and only if supp(Q) is the empty set.
Hilbert's Reciprocity Law 2.6. Let F be a global field. For a quaternion algebra Q over F , the set supp(Q) is finite with even cardinality. Further, given any finite subset S of P (F ) with |S| even, there is a unique quaternion algebra Q over F with supp(Q) = S.
If Q is split over a global field F , all the assertions we will make are vacuously true. Thus we will exclude this trivial case. Proposition 2.7. Let F be any field. Suppose that Q is a quaternion division algebra over F . Let K = F (Q). For r ∈ F * − F * 2 , the following are equivalent: 
However, since Q is not split over F , there exists no place P of deg(P ) = 1 by Lemma 2.2 again and so
(ii) ⇒ (i) This is immediate as a consequence of Corollary 2.3.
(iii) ⇒ (i) By the Hasse Principle 2.5, it suffices to show that Q⊗ F F ( √ r) P is split for every prime spot P of F ( √ r). To see this, assume that p is the restriction of P to F . We have two possibilities for this p:
results that any local field L or L = R has a unique nonsplit quaternion algebra, which is split by each quadratic extension of L. (For this, use e.g., [Re, Theorems 31.4, 31.8, and 31.9] and the facts that Br(R) ∼ = Z/2Z and
Computation of
P ∈ P(K/F )
Br(KV P /K).
Let F be a global field and let Q = (a, b F ) be a quaternion division algebra over F with supp(Q) = { p 1 , p 2 , . . . , p n }. Recall that n is finite and even by Hilbert's Reciprocity Law 2.6.
The purpose of this section is to explicitly compute
(see Theorem 3.7) which will be used to prove our main theorems in Chapter 4. For this, we will first compute
Br(V P /F ) by utilizing the local-global principle. This intersection can be directly described, in Proposition 3.2, in terms of the quaternion algebra Q.
To begin with, we want to give explicit calculation of
Br(V P /F ) over all the places P ∈ P(K/F ) with deg(P ) = 2. For supp(Q) = { p 1 , p 2 , . . . , p n }, we define
Proposition 2.7 yields another description of F Q :
Therefore, we have
We will use a number of times below the following well-known combinatorial fact:
Lemma 3.1. Let T be a set with |T | = n where n ∈ N. Then the number of subsets with an even number of elements of T is 2 n−1 .
We next define
Q is a quaternion algebra over
The cardinality of this set is 2 n−1 where n = supp(Q) .
Proof. We will prove the last equality in (6) first. Any element in the relative Brauer group of F ( √ r)/F is the class of a quaternion algebra over F (cf. [Dr, Corollary 1, p. 79] ). Thus, any element in the intersection is the class of a quaternion algebra over F . If Q is a nonsplit quaternion algebra such that
(for this, recall that if two elements are q-adically close enough, then they lie in the same q-adic square class). In other words, r ∈ F Q but r ∈ F Q . Thus,
This assertion gives the last equality in (6). The middle equality in (6) was already given in (4). Now, we show that
One inclusion (⊆) is clear from (4). For the other inclusion (
Then, we may assume that Q is a quaternion algebra over F with supp(Q ) ⊆ supp(Q) by the last equality of (6). If we put
Hence, V splits Q . Finally, Hilbert's Reciprocity Law 2.6 implies that the number of elements in I Q equals the number of subsets with an even number of elements of a set with n elements. By Lemma 3.1, the cardinality of this set is 2 n−1 .
. It is easy to see that supp(Q) = {2, ∞} where 2 is the dyadic spot and ∞ is the real infinite spot of Q. Thus, we have
In this example, we can explicitly describe all the quadratic residue fields (see (iii) and (vi) below). For a 1 , ···, a n ∈ F * , let a 1 , ···, a n be the diagonal quadratic form a 1 x 2 1 + · · · + a n x 2 n . Assume that r is a square-free integer. Then the following are equivalent:
(iv) r < 0 and the quadratic form 1, 1, 1, r is isotropic over Q 2 . (v) r < 0 and the quadratic form 1, 1, 1, r is isotropic over Q. (vi) r < 0 and − r is the sum of three squares in Q. Indeed, (i) ⇔ (ii) is given by Proposition 2.7 since supp(Q) = {2, ∞}. For (ii) ⇔ (iii), clearly r ∈ R 2 ⇔ r > 0. The fact that r ∈ Q 2 2 ⇔ r ≡ 1 (mod 8) is well-known (see [La, Corollary 2.24, p. 162] ). For (ii) ⇔ (iv), recall (cf. [OM, 63:17, p. 169] ) that over a local field, a 4-dimensional anisotropic quadratic form has determinant 1 modulo squares. Because supp(Q) = { 2, ∞ }, the quadratic form 1, 1, 1, 1 is anisotropic over Q 2 as it is the norm form of (−1, −1 Q 2 ). To show (iv) ⇔ (v), 1, 1, 1, r is certainly isotropic over R and for any prime spot p corresponding to an odd prime p, observe that 1, 1, 1 is already isotropic over Q p and so is 1, 1, 1, r . Then, this equivalence is an immediate consequence of the Hasse-Minkowski Theorem (cf. [La, p. 168] 
2 is the dyadic spot and each p i denotes the prime spot corresponding to the odd prime p i . To see this, let P i = (−1, p i /Q). For a fixed i, we observe that R splits P i since p i > 0 and that Q p splits P i for p any odd prime different from p i since −1 and p i are both p-adic units. However,
and n is odd, it follows that supp(Q) = {2, p 1 , . . . , p n } as claimed. Then, Proposition 3.2 yields
where the i j range over all distinct numbers in {1, 2, . . . , n}, and the cardinality of this set is 2 |supp(Q)|−1 = 2 n . In particular, if n = 1 (so m = p 1 ), then
Example 3.5. Let n > 0 be an even integer. Suppose that p 1 , p 2 , . . . , p n are as in Example 3.4. Let
Applying the similar arguments in Example 3.4, we have supp(Q) = {p 1 , p 2 , . . . , p n } since n is even. Then, Proposition 3.2 yields
where the i j range over all distinct numbers in {1, 2, . . . , n}, and the cardinality of this set is 2 n−1 . In particular, if n = 2 (so m = p 1 p 2 ), then
, denote by G P and G P the absolute Galois groups of the residue fields V P and V P , respectively. Note that P depends on r ∈ F Q . If P is a place above P , note that G P is a subgroup of G P and G P :
Lemma 3.6. Keeping the notation as above, let χ P ∈ X(G P ), the character group of G P . Suppose that
Proof. Consider the map ϕ :
P . By Kummer theory, we have
Now, we show that F Q F * 2 F * 2 is infinite. To see this, let A = {p ∈ P (F ) p is finite and p ∈ supp(Q)} and let B be any finite subset of A. Note that for any p ∈ B, by the Weak Approximation Theorem (cf. [Ws, p. 8]) , there is r ∈ F Q with v p (r) odd. From the surjective map
Since this is true for any finite subset B of A, it follows that ψ(F Q F * 2 /F * 2 ) and thus F Q F * 2 F * 2 is infinite. This implies that ϕ(F Q F * 2 F * 2 ) is infinite, since ker(ϕ) < ∞. Thus, it is possible to take r 1 , r 2 ∈ F Q such that
Thus, we assume that r 1 , r 2 ∈ V P . Clearly,
Before we discuss the main theorem of this section, it will be convenient to define some new terminology. Let K be an algebraic function field in one variable (of genus 0) over a constant field F . For the scalar extension
For the map h in (2) above, we compute the kernel of h. The elements in ker(h) turn out to be all constant classes of quaternion algebras over F . As in Proposition 3.2, it suffices to take the intersection over all the quadratic residue fields.
Theorem 3.7. Let F be a global field. Suppose that Q is a quaternion division algebra over F . Let K = F (Q). For the map h in (2), the F Q in (3), and I Q in (5), we have
The cardinality of this set is 2 n−2 where n = supp(Q) .
Proof. Let us show the last equality of (7) first. For each r ∈ F Q , we have the following diagram with exact rows:
Here the top sequence is the sequence (1) and the bottom sequence comes also from (1) since F ( √ r) splits Q (or, from the Auslander-Brumer-Fadeev Theorem (cf. [AB] , [Fa] or [FS] )). Each component e P ·res in the right vertical map in (8) is the ramification index e P = e(v P /v P ) times the natural restriction map from X(G P ) to X(G P ). The right square in (8) is commutative (see [Sa, Theorem 10.4] ). The left square is clearly commutative, since all the maps are restriction maps. Note that for each P ∈ P(K/F ), e P = 1, since r ∈ F and so v P (r) = 0 (cf. [St, Theorem III.6.3, p. 103] 
The first equality of (7) is clear from the definition of the map h, and the third one is also clear by Proposition 2.7.
Finally, we verify the second equality of (7). One inclusion (⊆) is clear. In order to show the other inclusion (⊇), we use the fact just proved that
For each [Q ] ∈ I Q and P ∈ P(K/F ), we apply Proposition 3.2 to have [Q ] ∈ Br(V P /F ) and therefore [Q ⊗ F K] ∈ Br(KV P /K). This completes the proof. 
If we set k = n−1 2 ∈ Z, then Theorem 3.7 and Example 3.4 yield
where the i j range over all distinct numbers in {1, 2, . . . , n}, and the cardinality of this set is 2 supp(Q)−2 = 2 n−1 . In particular, if n = 1 (so m = p 1 ), then we have
Example 3.9. For an even integer n > 0, let p 1 , p 2 , . . . , p n be as in Example 3.5. Let Q = (−1, m Q) where m = p 1 p 2 . . . p n and let K = Q(Q) = Q(x, √ −x 2 + m ). Recall that supp(Q) = {p 1 , p 2 , . . . , p n }. For each
If we set k = n 2 ∈ Z, then Theorem 3.7 and Example 3.5 yield
where the i j range over all distinct numbers in {1, 2, . . . , n}, and the cardinality of this set is 2 n−2 . In particular, if n = 2 (so m = p 1 p 2 ), then we have
Obstruction to Hasse principle for the Brauer group of a function field of genus 0.
The fundamental and profound result on the Brauer group of a global field F provides an exact sequence (cf. [We, Theorem 2, p. 206 , and Theorem 4,
where the map i is the direct sum of scalar extension maps Br(F ) → Br( F p ) for p ∈ P (F ) and the map inv is the invariant map, computed locally on each component p, that is, inv = ⊕ p inv Fp . In particular, the injectivity of the natural map i in (9) asserts the classical Hasse principle for Br(F ) (cf. (2.5) for the case of quaternion algebras). In this section, we consider the analogous possible Hasse principles for the Brauer groups of algebraic function fields in one variable of genus 0 over global fields.
We begin with the case of rational function fields. For a field k, let k(x) be the rational function field over k.
Lemma 4.1. Let F be a global field and F sep the separable closure of F . Then the map
Proof. We have the following commutative diagram with exact rows from the Auslander-Brumer-Faddeev Theorem (cf. [AB] , [Fa] or [FS] ):
where P ∈ P( F p (x)/ F p ) is a place above P . We claim that the map ψ in (11) is injective. For this, take a nontrivial character χ ∈ X(G P ). Observe first that χ(G P ) ⊆ Q/Z is finite and so cyclic. If M ⊆ F sep is the fixed field of ker(χ), then M is a cyclic Galois extension of V P =: E and the order of χ equals the degree [M : E]. For p ∈ P (F ), take P ∈ P( F p (x)/ F p ) with P |P . Then for the image χ of χ in X(G P ), the order of χ equals the degree [M V P : V P ]. By Tchebotarev density (cf. [FJ, Theorem 5 .6]), there exists P ∈ P (E) such that for every P ∈ P (M ) with P |P, we have [M : E] = [ M P : E P ]. Choose p ∈ P (F ) as the restriction of P to F ; then there is P ∈ P( F p (x)/ F p ) with P |P and V P = E P . Then we have M V P = M P and therefore the order of χ equals that of χ. Hence, the map ψ is injective as claimed. Now, since the map i in (11) is also injective by (9), we conclude that the map j 0 in (11) and so the map j in (10) is injective.
For a field k, let Br(k) denote the subgroup of Br(k) consisting of all elements of order relatively prime to p if char(k) = p > 0. If char(k) = 0, set Br(k) = Br(k). Notice then that Br(F sep (x)/F (x)) = Br(F (x)) since Br(F sep (x)) = 0 (see [FS, Lemma 2, p. 51] ). Thus, we have:
Corollary 4.2. Let F be a global field and let F (x) be the rational function field over F . Then, the map
is injective. Remark 4.3. Corollary 4.2 can be also proved by specialization argument using the fact that every global field is Brauer-Hilbertian in the sense of Fein, Saltman, and Schacher. For details on Brauer-Hilbertian fields, see [FSS] .
Let Q = (a, b F ) be a quaternion division algebra over a global field F and let K = F (Q) = F (x, √ ax 2 + b). We want to describe the kernel of the map 
Proof. For each p ∈ P(K/F ) and Q ∈ I Q , we first show that Q ⊗ F F p (Q) is split. For this, it suffices to consider p ∈ supp(Q ). Then,
We show the other inclusion. Fix P ∈ P(K/F ) and write the corresponding residue field as V , instead of V P for convenience. For each extension P of p to V , let V P be the completion of V at P. Then we have the following commutative diagram
Br(F (Q))
Since V splits Q by Corollary 2.3, V (Q) is a rational function field over V . By Corollary 4.2, the map j in the diagram (14) is injective. Therefore, any [B] ∈ ker(h 1 ) becomes trivial in Br(V (Q)), which implies that [B] ∈ ker(h) by Theorem 3.7.
Let V be a discrete valuation ring with its quotient field K. Let K be the completion of K with respect to V and K nr the maximal unramified extension of K. Denote by X(G V ) the character group of the absolute Galois group of the residue field V . There is a short exact sequence:
In order to define the ramification map ram, recall that for
) is computed by first extending scalars to the completion K and then applying the map
induced by the valuation. For details, see [Sa, Theorem 10.3] . Let V be the completion of V , which is a discrete valuation ring with quotient field K; note that the residue field of V is isomorphic to V and further we have
See [JW, Theorem 2.8 (b) and Theorem 5.6 (a)] for the isomorphism. These facts will be used in proving Theorem 4.5 below.
Making use of the results in Section 3, we now describe the kernel of the map:
For the map h 2 in (17) and the set I Q in (5), we have
for each P ∈ P(K/F ). Here, the bottom map is the composition of the maps in (16). This proves one inclusion.
To verify the other inclusion, take any [B] ∈ ker(h 2 ). We claim that [B] is a constant class. For each P ∈ P(K/F ), the class [B] becomes trivial in Br( K P ). By the definition of the ramification map in (15) associated to V = V P , we have ram([B]) = 0. Recall (cf. [Ha, Lemma 2.11] ) that the map β in (1) is the direct sum of these ramification maps where P ranges over all P ∈ P(K/F ). Let p 1 , p 2 , . . . , p n be distinct odd prime numbers such that each p i ≡ 3 (mod 4). According to Examples 3.3, 3.8, and 3.9, the Hasse principle holds for Br Q(x, √ −x 2 − 1 ) , for Br Q(x, −x 2 + p 1 ) , and for Br Q(x, −x 2 + p 1 p 2 ) . On the other hand, for n ≥ 3, let K = Br Q(x, √ −x 2 + m ) where m = p 1 p 2 . . . p n . Then the nontrivial elements in
Br(KV P /K) (see Examples 3.8 and 3.9) are the obstruction to the Hasse principle.
Remark 4.8. For K = F (Q), assume that the Hasse principle for Br(K) (in the sense of h 1 ) holds. However, there is no analogue to Hilbert's Reciprocity Law in K even for the constant classes. That is, there exist quaternion division algebras B over F (Q) such that F p (Q) splits Q for all p ∈ P (F ) but an odd number of prime spots. To see this, suppose supp(Q) = {p 1 , p 2 }. Take q ∈ P (F ) such that q = p i for p = 1, 2. By Hilbert's Reciprocity Law 2.6, there exists a quaternion algebra Q over F with supp(Q ) = {q, p i }.
The cases when a finite number of prime spots are omitted.
The purpose of this section is to generalize the results given in the previous sections. Specifically, we investigate the kernel of the map h 1 in (13) when a finite number of prime spots are dropped from P (F ). The need to consider what happens when finitely many primes are omitted arises often in algebraic number theory. In particular, when the author considered tractability of algebraic function fields of genus 0 over global fields, it was necessary to delete the dyadic prime spots (cf. Remark 5.10). In considering this relative h 1 , we restrict our attention to the 2-torsion of the kernel of h 1 since otherwise ker(h 1 ) contains infinitely many elements in most cases as we will see in Remark 5.2. This part of ker(h 1 ) can be expressed in terms of quaternion algebras over K possibly together with the images in Br(K) of cyclic algebras of exponent 4 over F (cf. Theorem 5.8).
Let us start this section with recalling the exact sequence (9) and the (local) results that
if p is a finite prime spot, Z/2Z, if p is a real infinite, 0 i fp is a complex infinite.
Thus, if F is an algebraic number field, we will consider only finite prime spots and real infinite spots on F . (If F is an algebraic function field in one variable over a finite field, then every prime spot is finite.) Now, we want to see what happens to ker(i) in the exact sequence (9) if a finite number of prime spots in the direct sum are removed. For this, let S denote a finite subset of P (F ). Define the map 
(ii) If |S| ≥ 2 and S contains only one finite prime spot (together with some real infinite spots), then we have
A is a quaternion algebra over F with supp(A) ⊆ S}.
The cardinality of this set is 2 n−1 where n = |S|. (iii) If S contains at least two finite prime spots, then ker(i S ) is infinite.
Proof. (i) If S = ∅, then i S = i in (9). If |S| = 1, i S is still injective from the exactness at p Br( F p ) in (9).
(ii) Let A be a central division algebra over F with [A] ∈ ker(i S ). The exactness at p Br( F p ) in (9) assures that [A] has a local invariant either 0 or 1 2 + Z at each p ∈ S and further supp(A) has nonzero even cardinality. By Hilbert's Reciprocity Law 2.6, A is a quaternion division algebra over F . This shows one inclusion and the other inclusion is clear. For the cardinality, apply Lemma 3.1.
(iii) It suffices to consider the case that S = {p 1 , p 2 p 1 and p 2 are finite prime spots in P (F )}.
Utilizing the exactness at p Br( F p ) in (9) again, we observe that each ntorsion subgroup of ker(i S ) has a class (of a cyclic algebra) of order n whose local invariant is k n + Z at p 1 , n−k n + Z at p 2 , and 0 otherwise, where n ≥ 2 and 1 ≤ k < n. Remark 5.2. Let Q be a quaternion algebra over F and let K = F (Q). Assume that S contains at least two finite prime spots as in Lemma 5.1 (iii). Define the map
From now on, we focus on the 2-torsion subgroups of the Brauer groups above. For an abelian group G, let 2 G denote the 2-torsion subgroup of G. For a global field F , recall (cf. [Re, Theorem 32.19] and [Pi, Theorem, p. 236] ) that any element in 2 Br(F ) is the class of a quaternion algebra over F . Using (9) and the definition of the support, we obviously have the following exact sequence:
Q is a quaternion algebra over F with supp(
Let F be any field. For any a ∈ F , there is an associated (x − a)-adic discrete valuation ring Proof. There exist a finite degree extension field E of F and a prime spot P ∈ P (E) such that for p = P F ∈ P (F ) we have p ∈ S and that there is a specialization to Br(F ) such that the class [B] specializes to some [A] (which has the same order as [B] , and) whose support contains p (see the proof of Theorem 2.4 and Theorem 2.5 in [FSS] ).
Proposition 5.4. Let F be a global field and let F (x) be the rational function field over F . Let S be a finite subset of P (F ). Then, the following sequence is exact:
Proof. 
where the vertical maps ρ are specialization maps.
is not a constant class; so [B] must be a constant class. Now, consider the following commutative diagram:
Notice that the vertical maps are both injective. From the description of ker( i S ) in (21), it follows that ker(
For a global field F , let Q be a quaternion division algebra over F with
with |S| = m. We do not assume that S is disjoint from supp(Q). Define
Recall from Proposition 2.7 that for each r ∈ F Q,S , F ( √ r) is the residue field of a place of K/F . We also define
Q is a quaternion algebra over F with supp(Q ) ⊆ supp(Q) ∪ S ⊆ Br(F ). (24) The following lemma is a generalization of the last equality in Proposition 3.2.
Lemma 5.5. With notations as above, we have
The cardinality of this set is 2 l−1 where l = supp(Q) ∪ S .
Proof. We recall the commutative diagram (8) 
A little modification of Lemma 3.6 gives that if χ P = 0, then χ P G P = 0 for some r ∈ F Q,S and some P ∈ P K( √ r)/F ( √ r) with
. Note that for each P ∈ P(K/F ), e P = 1 since v P (r) = 0 as in the proof of Theorem 3.7. From the commutativity of the right square of (8), res ([B] ) is a nonconstant class in Br(K( √ r)). [Pi, Theorem, p. 236] ). Therefore B is a quaternion algebra over K.
We need to generalize the notion of the support to central simple algebras, not restricting to quaternion algebras, for our main theorem in this section. For a central simple algebra A over a global field F , define
Theorem 5.8. Let F be a global field and K = F (Q) where Q is a quaternion division algebra over F . Assume that S is a finite subset of P (F ). For the h S in (25), we have the following:
for the F Q,S in (23), and the I Q,S in (24). The cardinality of ker( h S ) is 2 n−2 where n = supp(Q) ∪ S .
The cardinality of ker( h S ) is 2 n−1 where n = |S|.
Proof. (i) Using a similar argument to that in the proof of Theorem 3.7, we have the second equality in (27). We now want to show the first equality. 2 Br(F (Q))
Plainly, I ⊆ ker( h S
Note that this diagram is commutative (cf. (14)). Since E splits Q, the function fields E(Q) and E P (Q) are both rational over E and E P respectively. Then,
by the exact sequence (22) ∈ ker( h S ), which is a contradiction. This proves the first equality in (27) .
From the definition of I Q,S in (24) together with Proposition 2.1, it is clear that ker( h S ) = 2 n−2 where n = supp(Q) ∪ S .
(ii) One inclusion (⊇) in (28) 
Notice that for each p ∈ S, F p (Q) is purely transcendental over F p and so the right vertical map in (30) Finally, for the cardinality of ker( h S ), let H 1 denote the set of preimages in Br(F ) of the first set of the union in (28) and H 2 denote that of the second set. Notice that H 1 is a subgroup of Br(F ). We show that H 2 is a coset relative to H 1 generated by any element [A] Q is a quaternion algebra over F with supp(Q ) = {p 1 , q} .
Observe that if q is equal to one of p i , then ker(h S ) is trivial. This situation arose in [Ha] when we studied the tractability of function fields of genus 0 over global fields as follows: Let F be an algebraic number field with exactly one dyadic spot d. Assume that supp(Q) = { p 1 , d } and S = { d }. Then, the map h S is injective. On the other hand, let F be an algebraic function field in one variable over a finite field with S = ∅. Then ker(h S ) = ker(h 1 ) = 0, where h 1 is the map in (13), since supp(Q) contains exactly 2 prime spots. In both cases, the injectivity of h S guarantees that the function field F (Q) is tractable since F p (Q) is tractable for each nondyadic local field F p (see [Ha, Theorem 4 .9] for details). We can also describe the kernel of the map h S in (31). In fact, since ∞ is the real infinite spot, any Brauer class in ker(h S ) has local invariant either 0 or 1 2 + Z at the dyadic spot 2 (see Lemma 5.1 (ii)). It follows that ker(h S ) = ker( h S ).
Moreover, by Remark 5.9 we have ker( h S ) = ker(h 1 ) where h 1 is the map in (13) for K = Q(x, −x 2 − p 1 p 2 ).
In case that supp(Q) ⊆ S, the following remark provides us with concrete descriptions of the inverse images in Br(F ) of the elements in ker( h S ). This tells us that A ⊗ F K is a product of two quaternion algebras over K by a theorem of Albert (cf. [KMRT, Theorem 16.1, p. 233] ). Moreover, we observe that neither of these quaternion algebras is of constant class. For, if one of them were of constant class then so would be the other. This would imply that A is a tensor product of quaternion algebras over F contradicting the fact that exp(A) = 4.
Example 5.13. Let K = F (Q) as above. Suppose that supp(Q) = {p 1 , p 2 } and S = {p 1 , p 2 p 3 , p 4 }. Then |ker( h S )| = 8. To see this, let A := (n 1 , n 2 , n 3 , n 4 ) denote a cyclic algebra over F with local invariants
